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ABSTRACT
Super-directional loudspeaker arrays can be used to achieve high directivity in a limited low-frequency range. As opposed to microphone arrays, the distance between the loudspeakers has to be relatively large, resulting in aliasing starting at relatively low frequencies. On the other hand, mounting a loudspeaker on a rigid baffle
(e.g., a rigid cylinder or sphere) increases its directivity with frequency. Using super-directional array techniques at low frequencies
and leveraging loudspeakers’ increased directivity at high frequencies enables achieving high directivity both at low and high frequencies. The design of baffled circular loudspeaker arrays and an improved beamforming procedure for achieving high directivity in a
broad frequency range is described.
Index Terms— loudspeakers, circular arrays, array signal processing, acoustic scattering, acoustic radiation effects
1. INTRODUCTION
Loudspeakers and loudspeaker systems with high directivity in a
wide range of frequencies can be used in a variety of different applications, such as generation of spatial sound, mitigation of room
effects, directional sound reproduction for public address systems,
mobile terminals, etc. If such loudspeaker systems are to be of practical use, they should be compact, not overly complex, and feature
wideband directivity.
A recently popular approach for building broadband loudspeakers with high directivity uses modulation of sound with an ultrasound
carrier and exploits air propagation non-linearities for demodulation
(e.g., see [1]). These systems have limited reproduction capabilities
in terms of signal power and bandwidth. Beamforming techniques,
which usually rely on far-field radiation characteristics of omnidirectional sources or receivers (e.g., see [2]), are inherently narrow-band
and not suited for broadband applications, such as sound reproduction. Solutions proposed for broadband beamforming (e.g., see [3]),
that are mostly concerned with transducer elements’ placement and
spacing, are also not appropriate, as they would require impractically sized arrays with a large number of transducers for achieving
high broadband directivity. Even the super-directional techniques
for designing microphone and loudspeaker arrays with frequencyindependent directional responses (e.g., see [4]) are of limited use
in this case, as they would give appropriate performance only up to
a relatively low aliasing frequency. This paper instead proposes the
use of beamforming optimized considering a linear model of sound
propagation and scattering.
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During the last decade, a number of works that use the sound
scattering properties of rigid bodies for designing microphone arrays
have appeared, such as those of Meyer and Elko [5] and Teutsch and
Kellermann [6]. These works leverage the effective increase in the
microphone array aperture size, resulting from the scattering of rigid
spheres and cylinders, for improving the signal-to-noise (SNR) performance at low frequencies and increasing the aliasing frequency.
In addition to improving the frequency response of the mounted
transducers, rigid baffles modify their directional responses, making
them more directive at higher frequencies. This property can be used
for preserving directivity of a loudspeaker array in a wide range of
frequencies. Namely, at low frequencies, the loudspeaker array can
achieve a desired directivity with super-directional techniques, and
at high frequencies, the increased directivity helps avoiding aliasing
problems typical for arrays with transducers of relatively low directivity.
Another appealing property of the beamformer design approach
presented in this paper is its practical applicability. Namely, it allows
designing a broadband loudspeaker array with a well-behaved directional response by using measurements of loudspeaker responses at
relatively few directions or points on a circle around the loudspeaker
array.
The paper is organized as follows. Section 2 reviews the theoretical model of sound radiation from a loudspeaker mounted on a
rigid cylinder. Section 3 shows a measurement-based approach to
designing a beamforming loudspeaker array. Results of simulations
are presented in Section 4, and conclusions are given in Section 5.

2. SOUND FIELD OF A LOUDSPEAKER MOUNTED ON A
CYLINDRICAL BAFFLE
This section gives a theoretical result that serves as a basis for the
broadband directional loudspeaker array design. Namely, it presents
a theoretical model of a sound field emanating from a loudspeaker
mounted on a rigid cylinder.
Note that the proposed beamforming approach is based on loudspeaker array measurement data and thus is not limited to the described model. However, the model is useful for determining array
dimensions and getting indication of feasibility. The presented simulations use the model, since the process of building a loudspeaker
array similar in dimensions to the one modeled in this paper is an
ongoing work.
Consider the geometrical model of a loudspeaker mounted on a
long rigid cylinder with radius a, shown in Fig. 1. The loudspeaker’s
membrane is modeled by a vibrating piston on the surface of a rigid
cylinder, with length 2L and circumferential width 2aα. If the cylinder is of infinite length, then the sound field far away from the loud-

primary source, with the other loudspeakers only correcting the response in order to minimize the error relative to the desired directional response. This approach is described in the sequel.
3. OPTIMIZED BEAMFORMER
The focus of this part is on designing beamforming circular loudspeaker arrays. Note that the proposed approach is more general
and can be applied to different configurations involving a baffle and
multiple loudspeakers.1

Fig. 1. Geometrical model of a loudspeaker mounted on a rigid
cylinder. The loudspeaker’s membrane is modeled as a vibrating
piston of length 2L and width 2aα.
speaker is given by [7]
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∞
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where r, θ, and φ are the standard spherical coordinates depicted in
Fig. 1, ρ0 is the density of air, c the speed of sound propagation, b
the piston’s velocity, k = ω/c the wave number, and Hn′ (x) the first
derivative of the Hankel’s function of the first kind.
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Fig. 3. Circular loudspeaker array configuration with reference circle on which the response is matched to a desired response.
Fig. 3 shows the considered circular array containing L loudspeakers equally spaced on a circle with radius a such that the i-th
loudspeaker is located at angle θi = 2π
(i−1). The effect of the preL
viously described cylindrical baffle is implicitly included through directional response functions of the used loudspeakers. Furthermore,
each loudspeaker points outwards, such that the response of the i-th
loudspeaker is given by

0

pi (ω, r, θ, φ) = p(ω, r, θ − θi , φ).
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Fig. 2. Normalized directional responses at various frequencies of a
piston vibrating on a surface of an infinitely long rigid cylinder.

(3)

Since the focus is the loudspeaker array’s response in the horizontal plane, the angle φ always equals π/2, and is left out in the following analysis. Furthermore, it is assumed that the loudspeakers’
directional responses p(ω, r, θ) and the loudspeaker array’s desired
directional response d(θ) are band-limited periodic functions in θ.
Let N denote the maximum order of d(θ) and p(ω, r, θ).
3.1. MMSE based beamformer design

Fig. 2 shows the directional responses of the described loudspeaker model at various frequencies with a = 0.1 m, L = 2 cm,
and α = π/20. Note that the radiation characteristics do not change
significantly if a finite-length cylinder is used, as was shown by
Teutsch and Kellermann in [6].
The responses in Fig. 2 show that at low frequencies the directional response of a baffled loudspeaker is almost omnidirectional
and that its directivity increases with frequency. This observation
motivates the design of a broadband directional loudspeaker array.
In particular, at low frequencies, multiple loudspeakers in a circular
array can be combined with known super-directional beamforming
techniques to achieve the desired response, and at higher frequencies, where super-directional techniques fail due to aliasing, a single
loudspeaker pointing toward the desired direction can be used as a

The assumption of the responses’ band-limitedness, which is realistic for practical sound sources, enables designing a simple procedure for approximating the desired response d(θ) with the given
loudspeaker array. Namely, by finding the minimum mean squared
error (MMSE) fit to d(θ) of a linear combination of pi (ω, r, θ) on
M ≥ 2N equidistant points located on a circle with radius R which
is centered at the loudspeaker array’s center, one achieves the MMSE
fit on the entire circle. Additionally, one can put a constraint on
loudspeaker filter gains in order to meet the physical limitations of
the used loudspeakers, and prevent sound coloration in the look direction. The optimal beamforming filters at each frequency ω are
1 One
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could similarly use loudspeaker arrays mounted on a spherical baf-

then given by the solution of the following quadratic programming
problem [8]:
minimize

kd − P (ω)hk2

subject to

|hi | ≤ hmax , i = 1, . . . , L
p1 (ω)h = d1 ,

h

ei (ω) =

(4)

where h is a complex vector of length L, d is a complex vector2 of
length M whose elements are given by
di = d(2π(i − 1)/M ) ,
P (ω) is an M × L matrix whose elements are given by
pij (ω) = p(ω, R, 2π(i − 1)/M − 2π(j − 1)/L) ,

where the phase alignment vector e(ω) has elements

(5)

and p1 (ω) is the first row of the matrix P (ω).
The loudspeaker array beamforming filters design can be summarized as follows:
1. Define a desired broadband directional response d(θ).
2. Assuming d(θ) and p(ω, r, θ) are band-limited periodic functions of θ with maximum order N , measure the responses
(propagation characteristics) from each loudspeaker to M ≥
2N equidistant points on a circle with radius R (preferably
R ≫ a) centered at the loudspeaker array’s center.

p (ω, R, 2π(i − 1)/M )
.
|p (ω, R, 2π(i − 1)/M ) |

The beamformer is then obtained by solving (4) using at each frequency dpa (ω) as opposed to d.
The motivation for the phase alignment is the following. At low
frequencies, single loudspeaker responses do not have high directivity, and responses of different loudspeakers from Fig. 3 do not significantly differ in phase or magnitude on a reference circle. Thus,
the beamformer obtained by solving (4) is close to optimal,3 even
with slight changes in the desired response’s phase. Toward high
frequencies, single loudspeakers become more directive—and their
responses differ more prominently in magnitude and phase—to the
extent that a single loudspeaker can be used alone as the beamformer’s output. Assuming a single loudspeaker is used starting
from a certain frequency f0 , the beamforming filters obtained using
phase-alignment—which biases the solution toward a more intensive
use of the front loudspeaker—provides a smooth transition (fading)
from beamforming to the use of a single loudspeaker. This smooth
transition is desirable when designing broadband loudspeaker filters.
Fig. 4 shows a response matching improvement with phase
alignment as frequency approaches f0 .
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3. For each frequency ω, find the beamformer filters’ complex
gains by solving (4). In practice, this amounts to computing the loudspeakers’ complex gains at a number of frequencies determined by the filters’ lengths, and obtaining the filters by computing the inverse discrete Fourier transform (e.g.,
see [9]).

(8)
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3.2. Beamformer design with phase alignment
Although the design based on the criterion expressed in (4) gives the
optimal fit to the desired response in the MSE sense respecting the
physical constraints, it may be suboptimal in the energy sense, as it
accounts for both magnitude and phase errors relative to the desired
response. The main goal of a beamformer design for the loudspeaker
array is steering the radiated energy, and phase errors are of only
little importance. Therefore, a more appropriate beamformer design
is the solution of the following optimization:
minimize

kd · d¯ − (P (ω)h) · (P̄ (ω)h̄)k2

subject to

|hi | ≤ hmax , i = 1, . . . , L
p1 (ω)h = d1 ,

h

4. SIMULATIONS

(6)

where a·b denotes an element-wise vector product (Hadamard product) of vectors a and b, and Ā denotes a vector or matrix with the
complex conjugate elements of A.
Unlike for the beamformer design via quadratic programming
in (4), the solution of the beamformer design expressed in (6) can
not be solved easily. Thus, in order to improve the desired response
matching in the energy sense while using quadratic programming,
we introduce an additional step of aligning phases of the desired
response and the response of the loudspeaker that points toward the
look direction of the beamformer:
dpa (ω) = |d| · e(ω) ,
2 The

Fig. 4. Comparison of loudspeaker array’s directional responses
in linear (left) and logarithmic (right) scale obtained without (A)
and with (B) phase alignment for the frequency 2 kHz. The desired
response is the directional response of a single loudspeaker mounted
on a cylindrical baffle at frequency f0 = 3 kHz (bold solid line
in Fig. 2) and loudspeaker responses were computed using (1) with
a = 10 cm, L = 2 cm, and α = π/20.

(7)

desired response is usually specified with real, non-negative gains.

This section presents the results from a number of simulations using
a loudspeaker array with realistic dimensions. The simulated loudspeaker array consisted of six equally spaced loudspeakers mounted
on the surface of a rigid cylinder. Loudspeaker responses were obtained using the model of a baffled loudspeaker expressed in (1).
The piston, modeling the loudspeaker membrane, had the dimensions L = 2 cm and α = π/20, and the radius of the loudspeaker
array was a = 10 cm.
The control points for beamforming filter calculations were positioned equidistantly on a reference circle with radius R = 3 m,
concentric with the loudspeaker array. The number of reference
points M = 13 was chosen based on the assumption that the desired response and loudspeaker responses at different frequencies ω
are band-limited periodic functions in θ, with orders lower than or
equal to six.
3 The

solution of (6) is considered as optimal.

The used desired directional response was the directional response of a single loudspeaker mounted on a cylindrical baffle at
frequency f0 = 3 kHz, as shown with a bold solid line in Fig. 2. The
motivation behind this choice is that a single loudspeaker becomes
directive enough such that it can be used alone as the beamformer’s
output above the frequency f0 .
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Fig. 5. Loudspeaker array directional responses in linear (left) and
logarithmic (right) scale at various frequencies on the reference circle with radius R = 3 m.
Fig. 5 shows directional responses—both in linear and logarithmic scale—of the loudspeaker array on the reference circle at various
frequencies from 200 Hz to 10 kHz. As can be observed in Fig. 5,
the directional responses of the loudspeaker array accurately match
the desired response at frequencies up to about 3 kHz. At higher
frequencies, the directional response of the loudspeaker array deviates from the desired response and becomes more directive due to
the directivity increase of the one loudspeaker used at higher frequencies. This high-frequency directivity increase can be beneficial
if high directivity is a design goal.
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Fig. 6. Loudspeaker beamforming filters’ frequency responses. The
filters were normalized at all frequencies with a gain needed for the
first loudspeaker alone to achieve the desired response in the beamformer’s look direction d(0).
Fig. 6 shows the beamforming filters of the first four loudspeakers.4 It can be observed that all loudspeakers have much larger
gains at low frequencies (gains at frequencies below 200 Hz are by
more than 20 dB larger than the gains at frequencies above 400 Hz)
than is needed for the first loudspeaker alone to achieve the desired response in the look direction, which is a known result from
the super-directional array theory [4]. This could limit the working
frequency range and the maximum low-frequency power of the designed loudspeaker array, depending on the physical limitations of
the used loudspeakers. As the frequency increases, filter gains decrease due to the previously explained phase alignment, and above
4 Due to symmetry relative to the beamformer’s look direction, the fifth
and the sixth loudspeaker have equal filters as the third and the second loudspeaker, respectively.

around 600 Hz, the front loudspeaker becomes the main driver (it
has the highest gain) while the gains of side and back loudspeakers
decay toward zero at the frequency f0 = 3 kHz.
5. CONCLUSIONS
In this paper, it was shown how arrays of loudspeakers mounted on
a rigid baffle can be used to achieve high directivity in a broad
frequency range. Below the array’s aliasing frequency, superdirectional processing yields relatively frequency-independent high
directivity. At higher frequencies, the directivity caused by sound
scattering due to the baffle is exploited to maintain high directivity
and avoid aliasing. An MSE-optimized beamformer design procedure, based on measurements of the loudspeaker array relative
to a few points on a reference circle, is proposed. Additionally, it
was shown that the presented MSE-optimized beamformer design
procedure can be improved by aligning phases between the desired
response and the response of a loudspeaker pointing in the look
direction of the beamformer.
The feasibility of the presented design was confirmed through
simulations, which showed that an array of six loudspeakers mounted
on a rigid cylinder with radius a = 10 cm can achieve high directivity in a wide frequency range, from 200 Hz to 10 kHz.
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