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ABSTRACT
Gradient based microphone arrays, the horizontal sound field’s plane wave decomposition, and the corresponding circular harmonics decomposition are reviewed. Further, a general relation between directivity
patterns of the horizontal sound field gradients and the circular harmonics of any order is derived. Based
on this relation, a number of example differential microphone arrays are analyzed, including arrays capable
of approximating the sound pressure gradients necessary for obtaining the circular harmonics up to order
three.

1. INTRODUCTION
Directional microphones have an appealing property
of responding differently to sounds arriving from different directions, characterized by their directivity
pattern1 e(θ) in two and e(θ, φ) in three dimensions.
Based on their working principle, directional microphones can be classified into two categories: wave
type and gradient type [1–3]. Since the wave type
microphones are not practical for dimensional constraints (microphone size comparable to the wavelength of the measured waves), they are not widely
used and are not the topic of this paper. The fo1 The directivity pattern of a directional microphone is usually frequency-dependent.

cus will be on the more widely used gradient type.
Gradient microphones, in a general sense, have a directional response which is dependent on the sound
pressure difference between points spaced at a distance that is small compared to the wavelength [1–3].
Similarly to gradient microphones, differential microphone arrays, which combine delayed sound pressure signals from two or more closely-spaced microphones, are also classified as directional.
Directional microphones can be used for noise and
interference reduction, which are desirable in telephony, teleconferencing, and sound recording. Another important application is sound capture for
stereo and multichannel surround systems. The
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sound capture is done in a way that the microphones’ polar characteristics—or the encoding functions [4]—encode the source location to level differences relating to virtual source localization during
playback.
The first spatial sound recording techniques involving directional microphones, such as MS and XY
stereo coding invented by Blumlein [5], became too
restricting for the use with more complex surround
sound systems. One such system, Ambisonics [6–8],
relies on high-order components of the sound field
in order to enable extended listening area reproduction. Such paradigm resulted in the concept of sound
field microphone—a system that captures circular or
spherical harmonic components of the sound field in
one point.
First sound field microphones appeared in the 70’s
(e.g., see [7,9]), and are still widely used today. They
deliver the so-called first-order B-format signal set,
which consists of a sound pressure signal, denoted
as W , and three first-order sound field spherical harmonic components, denoted as X, Y and Z. Despite
of the improvements it brought to the spatial sound
recording practice, the works of Bamford et al. [10]
and Daniel [11] have shown that for accurate sound
field reproduction over a wide listening area, firstorder ambisonic recording was insufficient. The last
decade has seen many designs of planar and threedimensional sound field microphones built using circular (e.g., see [12]) or spherical (e.g., see [13–16])
microphone arrays, respectively. This paper’s focus
is on the planar case.

microphones and arrays. The correspondence between a plane-wave sound field’s circular harmonics
and directivity pattern of its gradients is shown in
Section 4. Section 5 proposes practical microphone
configurations for measuring gradients and computing the horizontal sound field’s circular harmonic coefficients of orders two and three. Section 6 presents
results of simulation experiments of the second-order
horizontal sound field microphone proposed in Section 5. The conclusions are in Section 7.
2. SOUND FIELD DECOMPOSITION
2.1. Plane wave representation
Plane waves are solutions to the wave equation of
the form [12, 17]
p(r, t) = Aej(ωt+k·r) ,

(1)

where A is the complex amplitude2 (conveying the
information about both the real amplitude and the
initial phase), ω is the temporal frequency and k
is the wave vector pointing toward the direction of
sound arrival, having the intensity k = ωc , where c
is the speed of sound.

• It is shown that by measuring a sound field’s
gradients one can obtain its circular harmonic
coefficients.

A distribution of the sound pressure in space and
time, p(r, t), can be represented as a sum of planeand evanescent waves [17]. If the sound sources
are far away from the region of interest, the nonpropagating evanescent wave contributions can be
neglected. As most of the literature on surround
sound systems, this paper considers only the sound
fields emanating from sources which are sufficiently
far, such that in the region of interest their wavefront
can be considered as flat and without amplitude decay. In other words, the considered sound fields are
composed of plane waves.

• It is shown how horizontal sound field microphones up to order three can be built as small
arrays of pressure and/or gradient microphones
which measure the sound field gradients needed
for obtaining its circular harmonic coefficients.

As most spatial sound systems are two-dimensional,
the analysis of the sound field in this paper focuses
on the horizontal plane (z = 0), implicitly assuming
that plane waves propagate parallel to the horizontal
plane.

The paper is organized as follows. Section 2 reviews
the plane wave decomposition and circular harmonic
representation of the horizontal sound field. Section 3 reviews the theory of gradient and differential

2 This paper uses the widely-used theoretical analysis of
an analytic (complex-valued) sound pressure field. The physical sound pressure, which is a real-valued function of space
and time, can be obtained from the real part of its analytic
counterpart.

The contributions of this paper are:
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2.2. Circular harmonic representation
A sound field emanating from far-field sources
can completely be characterized by the frequencydependent source distribution S(k, θ), or its time
Fourier transform pair, angular source distribution
s(t, θ) [12]. Moreover, since s(t, θ) is a 2π-periodic
function of angle θ, it can be represented through its
Fourier series expansion
s(t, θ) = a0 (t)+

∞
X

an (t) cos (nθ)+

n=1

∞
X

bn (t) sin (nθ) ,

n=1

(2)
where the Fourier coefficients an (t) and bn (t) are
given by
an (t) = ǫn
bn (t) =

1
π

1
π
Z

with
ǫn =

Z

2π

s(t, θ) cos (nθ) dθ

0
2π

s(t, θ) sin (nθ) dθ ,

(3)

1
2

(4)

0



, n=0
.
1, n > 0

In the following, the periodic functions cos (nθ) and
sin (nθ) are referred to as circular harmonics, and
the Fourier coefficients an (t) and bn (t) as circular
harmonic coefficients.
The circular harmonic coefficients are an equivalent
representation of the sound pressure field composed
of plane waves.
2.3. Measuring circular harmonic coefficients
The signal captured with an ideal directional microphone with directivity pattern e(θ) can be expressed
as
Z
2π

equal to the circular harmonics: ean (θ) = cos (nθ)
and ebn (θ) = sin (nθ), with n ≥ 0.
3. ANALYSIS OF GRADIENT AND DIFFERENTIAL MICROPHONES AND ARRAYS
3.1. Gradient microphones
Gradient microphones are acousto-electrical transducers which were introduced by Olson (e.g., see [1,
2]) more than 50 years ago. Conceptually, gradient
microphones were conceived as devices whose output
is proportional to components of the gradient or spatial derivatives of the sound pressure field. Cotterell
gave a theoretical overview of gradient microphones
in [18], describing them as devices that measure projections of the sound pressure field’s gradient onto a
vector u defined by the microphone’s axis. Assuming the sound pressure field is composed of a plane
wave
p(r, t) = Aej(ωt+k·r) ,
(6)
where ω is the angular frequency and k is the wave
vector, the response of an ideal gradient microphone
of order n is given by [18, 19]
Dun p(r, t) = (jk)n (cos θ)n p(r, t) ,

(7)

where θ is the incidence angle of the plane wave arrival direction relative to the microphone’s axis, e.g.
the angle between vectors k and u.
It is also worth noting that the first-order, bidirectional gradient microphone is referred to as a velocity
microphone, as the time-integration of the signal on
the right side of (7), for n = 1, is equal to the projection of the particle velocity vector onto the vector
u [18].

(5)

Important aspects of gradient microphones, considered in the following, are:

The signal m(t) resembles the circular harmonic coefficients an (t) and bn (t) of the angular source distribution’s Fourier series expansion from (3), and gives
a way to indirectly capture the sound pressure field
in a region of interest. Namely, to record the circular harmonic coefficients an (t) and bn (t)—which
completely specify the sound pressure field p(r, t)
in the source-free area around the measurement
point—it suffices to use a set of coincident directional microphones whose directional responses are

• Their directivity pattern is proportional to
(cos θ)n , where n is the microphone’s order.

e(θ) s(t, θ) dθ .

m(t) =

0

• Their frequency characteristic is of the form
(jk)n , where k is the wave number, requiring
compensation by n ideal time-integrators.
3.2. Practical gradient microphones
Practical gradient microphones are based on the
principle of finite-difference approximation of sound
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pressure field’s derivatives. They combine values of
the sound pressure field in multiple, closely-spaced
points,3 either acoustically (pressure at two faces of
a diaphragm) or electronically (pressure at different
microphones of a microphone array).
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Fig. 2: First- (a) and third-order (b) gradient microphone directivity patterns in plane-wave sound field for
different ratios d/λ between the inter-microphone distance d and plane wave’s wavelength λ.
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The simplest and the most widely used [19] gradient
microphone is the first-order gradient microphone
(also called dipole and velocity microphone) with
bidirectional, figure-of-eight directivity pattern. As
previously mentioned, it is based on taking a difference in sound pressure between two closely-spaced
points, an illustration of which is shown in Fig. 1.
For a single plane wave, the first-order gradient microphone’s response has the form [20]:
g (1) (r, t) = p1 (t) − p2 (t)

φ = 0°
φ = 30°
φ = 60°

(8)

where θ is the angle between the vector d (d = r1 −
r2 ) and the wave vector k.
Generalizing to the gradient microphone of order n,
which takes a finite-difference derivative approximation using n + 1 pressure microphones spaced at
distance d, the following response to a plane-wave
sound field is obtained:
n
p(r, t) ,
(9)
g (n) (r, t) = (2j)n sin kd
2 cos θ

where θ is the incident angle as in (8).

Fig. 2 shows directivity patterns of first- and thirdorder practical gradient microphones for different ratios between the inter-microphone distance d and the
wavelength λ.
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Fig. 3: First- (a) and third-order (b) gradient microphone frequency characteristics in plane-wave sound field
at different wave incidence angles.

When the expression kd
2 cos θ in the argument of the
sine function in (9) is small, sin x can be approximated by x, and the response of a practical gradient
microphone, given in (9), becomes proportional to
the response of an ideal gradient microphone given
in (7). As can be seen in Fig. 2, due to aliasing,
the directivity pattern noticeably deviates from the
desired one at wavelengths λ ≈ 3d or shorter.
Important properties of practical gradient microphones that are considered later in this paper are:
• Their working frequency range is limited by the
used inter-microphone distance d.
• Their frequency-characteristic in the working
frequency range is high-pass and proportional
to ω n , requiring a low-pass compensation at the
output.
3 Points are spaced at a distance much shorter than the
wavelength.
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• Their directivity pattern in the working frequency range is bidirectional, proportional to
(cos θ)n , where θ is the sound wave incident angle.
3.3. Differential microphone arrays
The idea of taking finite-difference approximations
of the sound pressure field’s spatial derivatives resulting in bidirectional directivity pattern was generalized by Olson (e.g. see [1]). He presented the
concept of unidirectional microphones, built as linear combinations of gradient microphones of different orders,4 whose directivity pattern has the form
e(θ) =

n
X

an (cos θ)n .

(10)

i=0

sound field composed of plane waves can be completely captured with a set of coincident directional
microphones whose directivity patterns are proportional to circular harmonics cos (nθ) and sin (nθ).
However, one can use a set of coincident directional
microphones with different directivity patterns, as
long as they provide a representation equivalent to
the one based on circular harmonics. In the following, it will be shown that gradient microphones represent such a set.
For gradient microphones of orders zero and one, the
directivity patterns are equal (and hence equivalent)
to the circular harmonics of orders zero and one.
For orders higher than one, one can use the identity
defining the Chebyshev polynomials of the first kind,
Tn (cos θ) = cos (nθ) ,

A typical example of a unidirectional microphone is
the cardioid microphone, which is the mostly used
directional microphone today [19]. The cardioid microphone contains equal contributions from pressure
and first-order gradient microphones, and its directivity pattern is given by
e(θ) = 21 (1 + cos θ) .

(11)

Furthermore, Olson presented in [1] a way of achieving the effects of combining gradient microphones of
different orders by combining gradient microphones’
signals with delay elements and appropriate scaling.
Recently, Elko popularized these microphone arrays under the name differential microphone arrays
and superdirectional microphones (e.g. see [19, 21]).
Under such classification, gradient microphones are
only a special case of differential microphones. Recently, the authors showed in [22] that both gradient
and differential microphone arrays can be unified using spatio-temporal gradient analysis of the sound
field.
4. SOUND FIELD MEASUREMENT WITH
GRADIENT MICROPHONES
The sound field emanating from far-field sources
can be described by the angular source distribution
s(t, θ) or the circular harmonic coefficients an (t) and
bn (t), as pointed out in Section 2. Consequently, the
4 The pressure microphone is considered a gradient microphone of order zero.

(12)

for obtaining the representation of circular harmonics in terms of gradient microphones’ directivity patterns (cos θ)m . These results are stated in the following two propositions:
Proposition 1. The directivity pattern of the form
cos (nθ) can be obtained as a linear combination of
directivity patterns (cos θ)m of different orders m,
where m ≤ n.
Proof. The proof follows directly from the definition
of the Chebyshev polynomial of the first kind, given
in (12).
Proposition 2. The directivity pattern of the
form sin (nθ) can be obtained as a linear combiπ
nation of the directivity patterns (cos (θ − 2n
))m or
3π m
(cos (θ + 2n )) of different orders m, where m ≤ n.
Proof. Using the identity
sin θ = cos θ −

π
2



,

sin (nθ) can be expressed as a cosine:

sin (nθ) = cos nθ − π2

π
.
= cos n θ − 2n

Equivalently, sin (nθ) can be expressed as:

sin (nθ) = cos nθ + 3π
2

3π
.
= cos n θ + 2n
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Applying Proposition 1 to the right side of (14) or
π
) or (θ + 3π
(15) for the angle (θ − 2n
2n ), respectively,
gives

π
sin (nθ) = Tn cos θ − 2n
(16)

3π
(17)
sin (nθ) = Tn cos θ + 2n ,

which completes the proof.

π
))m and
It should be noted that (cos (θ − 2n
3π m
(cos (θ + 2n )) are directivity patterns of gradient
microphones of order m, whose main axis is not
along the axis x, but is rotated relative to it by anπ
and − 3π
gles 2n
2n , respectively.

It should now be clear how the circular harmonic
coefficients an (t) and bn (t) can be obtained by the
use of gradient microphones:
• The circular harmonic coefficient an (t) can be
obtained by linearly combining the outputs of
gradient microphones of orders up to and including n, whose axes lie along the axis x. The
contribution of each gradient microphone is obtained from the definition of the Chebyshev
polynomial of the first kind, given in (12).
• The circular harmonic coefficient bn (t) can be
obtained by linearly combining the outputs of
gradient microphones of orders up to and including n, whose axes lie along the line that
goes through the origin (microphone’s center)
3π
π
or the angle 2n
with the
and forms the angle 2n
axis x; the contribution of each gradient microphone is obtained by applying the expression
(16) or (17), respectively.
5. PRACTICAL, GRADIENT-BASED SOUND
FIELD MICROPHONES
The sound field decomposition approach used in this
paper is based on the result from Section 4, where
it was shown how a full decomposition of the horizontal sound field, evoked by sources in the far field,
can be achieved by coincidently measuring its gradients of different orders along different directions.
Namely, using the results of Propositions 1 and 2
from Section 4, one can measure circular harmonic
coefficients of the horizontal sound field by combining gradient microphones whose directivity patterns

are of the form e(θ) = A(cos (θ − φ))n , where A is
a constant and φ is the angle formed by the microphone’s axis and the axis x. If only pressure microphones are used, then the required gradient responses can be obtained by using the techniques described in Section 3.
In order to show how the gradient microphone techniques can be utilized for realizing higher-order horizontal sound field microphones, three horizontal
sound field configurations—two of the second and
the other of the third order, are described in detail
here. First-order horizontal sound field microphone
arrays (e.g., see [23–26]) are not discussed in this paper. The presented microphone topologies are simple, designed with the goal of using the few pressure
and first-order gradient microphones for achieving a
desired functionality.
5.1. Second-order horizontal sound field microphone based on omni microphones
The configuration shown in Fig. 4 can be used for

Fig. 4: Second-order horizontal sound field microphone
array consisting of five pressure microphone elements.

capturing the sound field’s circular harmonic coefficients an (t) and bn (t) of orders up to two in the
point O. Capturing of these signals can be done as
follows:
• The pressure signal a0 (t), or the zero-order harmonic, is taken from microphone 1.
• The first-order circular harmonic coefficient
a1 (t), which corresponds to the circular harmonic cos θ, can be obtained by combining signals from microphones 2 and 4 as follows:
a1 (t) = (p2 (t) − p4 (t)) ∗ h1 (t) ,

(18)

where h1 (t) is a filter used for magnitude and
phase compensation of the first-order gradient
microphone realized from two pressure microphone spaced at the distance 2d.
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• The first-order circular harmonic coefficient
b1 (t), which corresponds to the circular harmonic sin θ, can be obtained by combining signals from microphones 2, 3, 4 and 5. Namely,
combining signals from microphones 3 and 5 in
the way given in (18) gives the signal
c1 (t) = (p5 (t) − p3 (t)) ∗ h1 (t) ,

5.2. Third-order horizontal sound field microphone based on omni microphones
The configuration shown in Fig. 5 can be used for

(19)

whose directivity pattern in the working frequency range is of the form ec1 (θ) = cos (θ − π4 ).
Furthermore, for obtaining the desired response
of the form sin θ, signals a1 (t) and c1 (t) need to
be combined in the following way:
√
b1 (t) = 2c1 (t) − a1 (t) .
(20)
Note that first-order circular harmonic coefficients a1 (t) and b1 (t) can be obtained by
combining microphone pairs (1, 2) and (1, 5).
This approach, described in more detail in [26],
would allow increasing the aliasing frequency
(due to shorter inter-microphone distance) at a
cost of lower SNR at low frequencies and response deviations at high frequencies due to
non-coincidence.
• The second-order circular harmonic coefficients
a2 (t) and b2 (t), which correspond to the circular
harmonics cos 2θ and sin 2θ, can be obtained
using the identities
cos 2θ = 2(cos θ)2 − 1
sin 2θ = 2 cos θ −

π
4

2

−1,

(21)

which relate the circular harmonics cos 2θ and
sin 2θ, and directivity patterns of a pressure microphone, e0 (θ) = 1, and second-order gradient
microphones, eg2,1 (θ) = (cosθ)2 and eg2,2 (θ) =
(cos (θ − π4 ))2 , respectively. The response e0 (θ)
can be obtained from microphone 1, the response eg2,1 (θ) by combining microphones 1, 2
and 4, and the response eg2,2 (θ) by combining
microphones 1, 5 and 3. The desired signals are
given by
a2 (t) = 2 [p2 (t) − 2p1 (t) + p4 (t)] ∗ h2 (t) − p1 (t)
b2 (t) = 2 [p5 (t) − 2p1 (t) + p3 (t)] ∗ h2 (t) − p1 (t) ,
(22)

where h2 (t) is a filter used for magnitude and
phase compensation of the second-order gradient microphone built from three pressure microphones spaced at the distance d.

Fig. 5: Third-order horizontal sound field microphone
configuration with 11 pressure microphone capsules.

capturing the sound field’s circular harmonic coefficients an (t) and bn (t) of orders up to three in the
point O. Capturing of these signals can be done as
follows:
• Circular harmonic coefficients a0 (t), a1 (t), a2 (t)
and b2 (t) can be captured in the same way as
described for the second order horizontal sound
field microphone.
• The first-order circular harmonic coefficient
b1 (t) can be captured more simply in this case,
by combining the signals from microphones 6
and 7, in the same way as for the signal a1 (t)
in (18):
b1 (t) = (p7 (t) − p6 (t)) ∗ h1 (t) .

(23)

• The third-order circular harmonic coefficients
a3 (t) and b3 (t) can be obtained using the identities
cos 3θ = 4(cos θ)3 − 3 cos θ
3
sin 3θ = 4 cos θ + π2
+ 3 sin θ ,

which relate the circular harmonics
sin 3θ, and directivity patterns of
(eg1,1 (θ) = cos θ and eg1,2 (θ) =
third-order (eg3,1 (θ) = (cos θ)3 and

AES 128th Convention, London, UK, 2010 May 22–25
Page 7 of 12

(24)

cos 3θ and
first-order
sin θ) and
eg3,2 (θ) =
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(cos (θ + π2 ))3 ) gradient microphones. The response eg3,1 (θ) can be obtained by combining
microphones 2, 4, 8 and 10, and the response
eg3,2 (θ) by combining microphones 6, 7, 9 and
11; the ways to obtain responses eg1,1 (θ) and
eg1,2 (θ) are given in (18) and (23). The desired
signals are given by
a3 (t) = 4 (p8 (t) − 3p2 (t) + 3p4 (t) − p10 (t)) ∗ h3 (t)
− 3 (p2 (t) − p4 (t)) ∗ h1 (t)
b3 (t) = 4 (p9 (t) − 3p6 (t) + 3p7 (t) − p11 (t)) ∗ h3 (t)
+ 3 (p7 (t) − p6 (t)) ∗ h1 (t) .

(25)

where h3 (t) is a filter used for magnitude and
phase compensation of the third-order gradient microphone built from four pressure microphones spaced at the distance d.
5.3. Second-order horizontal sound field microphone based on omni and bidirectional microphones
Fig. 6 shows a configuration which is similar to the

where g1 (t) is a filter used for magnitude and
phase compensation of the first-order gradient
response obtained by averaging responses of two
bidirectional microphones spaced at the distance 2d.5
• The first-order circular harmonic coefficient
b1 (t) can be obtained by combining signals from
microphones 2, 3, 4 and 5. Combining signals
from microphones 3 and 5 in the way given in
(26) gives the signal
c1 (t) = (p5 (t) + p3 (t)) ∗ g1 (t) ,

(27)

whose directivity pattern is of the form ec1 (θ) =
cos (θ − π4 ). Further, signals a1 (t) and c1 (t) are
combined in the following way:
√
(28)
b1 (t) = 2c1 (t) − a1 (t) .
• The second-order circular harmonic coefficients
a2 (t) and b2 (t) can be obtained using the identities (21). The response e0 (θ) is obtained from
microphone 1, the response eg2,1 (θ) by combining microphones 2 and 4, and the response
eg2,2 (θ) by combining microphones 5 and 3. The
desired signals are given by
a2 (t) = 2 [p2 (t) − p4 (t)] ∗ h2 (t) − p1 (t)
b2 (t) = 2 [p5 (t) − p3 (t)] ∗ h2 (t) − p1 (t) ,

Fig. 6: Second-order horizontal sound field microphone
array consisting of one omnidirectional and four bidirectional microphone elements.

one shown in Fig. 4, but which uses one pressure microphone capsule in the center O and four bidirectional (having a figure-of-eight directional response)
capsules around it. Capturing the sound field’s circular harmonic coefficients an (t) and bn (t) of orders
up to two can be done similarly:
• The pressure signal a0 (t), or the zero-order harmonic, is taken from microphone 1.
• The first-order circular harmonic coefficient
a1 (t) can be obtained by combining signals from
microphones 2 and 4 as follows:
a1 (t) = (p2 (t) + p4 (t)) ∗ g1 (t) ,

(26)

(29)

where g2 (t) is a filter used for magnitude and
phase compensation of the second-order gradient microphone built from two bidirectional microphones spaced at the distance 2d.
The second-order configuration from Fig. 6 provides
better signal-to-noise ratio than the one shown in
Fig. 4, even though they both use the same number
of microphone capsules.
6. SIMULATIONS
In order to asses the practical characteristics of the
microphone arrays proposed in Section 5, the following simulations were performed:
• Simulation of the array’s response at different
frequencies for different angles of sound arrival.
5 The response of the compensation filter g (t) is low-pass,
1
unlike the high-pass compensation filters for differential microphones.
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• Simulation of the array’s self-noise sensitivity,
showing how much the uncorrelated internal
capsule noise gets amplified when forming different directional responses.
6.1. Simulation setup
The simulations tested the second-order horizontal
sound field microphone, shown in Fig. 4 and described in Section 5.1. The tested microphone consisted of five virtual pressure microphones located in
the free field, and the used inter-microphone spacing
was d = 2 cm. The microphone array’s response was
computed using simulated far-field (or plane-wave)
sound sources having different directions θ and angular frequencies ω. Signals at each simulated microphone were computed by introducing a delay
td =

k·r
ω

(30)

to the source signal, where r is the microphone position vector, k the wave vector, and ω the angular
frequency.
Microphone signals were sampled with the sampling
frequency fs = 44.1 kHz. The processing, including generation of different responses and their subsequent frequency equalization, and the compensation filter design were done in the short-time Fourier
transform (STFT) domain [27, 28].
The compensation filters h1 [n] and h2 [n], used for
the equalization of the frequency characteristics of
the first- and second-order sound pressure gradient
responses, have been designed in the following way:
• At low frequencies, where the gains of the obtained gradient responses are very low, the desired signals are highly attenuated and would
therefore need very high compensation gains. In
order to avoid using large gains and amplifying
the internal noise excessively, the compensation
filters’ gains were bounded to a predefined maximum value of 35 dB.
Note that at low frequencies the gradient microphone effectively reduces the signal-to-noise
ratio (SNR) of the used pressure microphones,
such that the maximum low-frequency gain has
to be carefully chosen, depending on the SNR
of the used pressure microphone capsules. Since

SNR of pressure capsules is commonly around
60 dB, the maximum gain of 35 dB was chosen
in order to avoid over-amplifying the noise at
frequencies where the SNR is lower than 25 dB.
• At frequencies where the magnitude frequency
characteristics of the obtained gradient responses are approximately linear, up to the frec
quency fm = 2d
where the magnitude characteristics reach their first maximums, the compensation filters are equal to the inverse of the
frequency characteristics given in (8), for the
angle θ = 0.
• Above the frequency fm , the compensation filters’ magnitude responses are bounded to their
values at the frequency fm , since at higher
frequency, the frequency-characteristics become
noticeably angle-dependent due to spatial aliasing.
The frequency responses of the filters h1 [n] and h2 [n]
can be summarized in the following expression:
Hi (ejω ) =



min (G, (2j)−i (sin (πωfs d))−i )
(2j)−i (sin (πωm fs d))−i

ω ≤ ωm
ω > ωm
(31)

where G = 101.75 is a constant maximum gain, ωm
is the maximum normalized angular frequency corm
responding to fm (ωm = 2πf
fs ), and fs is the sampling frequency. The frequency responses H1 (ejω )
and H2 (ejω ) are shown in Fig. 7.
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Fig. 7: Magnitude frequency responses of the firstand second-order gradient compensation filters h1 [n] and
h2 [n] used in the simulation.

6.2. Results
Fig. 8 shows the simulated array’s first- (a1 [n] and
b1 [n]) and second-order (a2 [n] and b2 [n]) circular
harmonic responses at different frequencies.
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a [n] polar response

different magnitudes) as a consequence of using compensation filter H2 (ejω ) which is bounded at low frequencies.
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signals a1 [n], b1 [n], a2 [n] and b2 [n] obtained from the
simulation of the second-order horizontal sound field microphone configuration shown in Fig. 4.

The first-order circular harmonic response a1 [n] has
a desired polar characteristic up to the frequency of
around 3 kHz. The aliasing problems start to be
more noticeable above 3 kHz, which is reflected in
the polar characteristics of a1 [n] at 3 kHz and 5 kHz.
The other first-order circular harmonic response,
b1 [n], experiences higher deviations at high frequencies. The problem stems from computing the signal
b1 [n] from two microphone pairs—(2, 4) and (3, 5)—
with different orientations and non-linear responses,
given in (8). Also, the polar characteristic of b1 [n],
besides the deviations in shape, has the maximum
response which exceeds unity at higher frequencies,
but the maximum gain can be normalized by a postfilter.
The cause of aliasing at a relatively low frequency
of around 3 kHz for responses a1 [n] and b1 [n] relates
to a larger inter-microphone distance (2d = 4 cm)
between microphone pairs (2, 4) and (3, 5).
Since the microphones used for computing responses
a2 [n] and b2 [n] are more closely spaced (at distance
d = 2 cm), these two responses exhibit less aliasing
problems at high frequencies. However, their lowfrequency polar characteristics deviate (lobes have
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Fig. 8: Polar characteristics at different frequencies of
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Fig. 9: Uncorrelated noise gain frequency characteristics of different circular harmonic coefficients of the
second-order horizontal sound field microphone configuration shown in Fig. 4.

Fig. 9 shows the sensitivity of the obtained circular
harmonic responses to uncorrelated Gaussian selfnoise of unit variance. The simulation consisted of
feeding each virtual pressure microphone in the array with a Gaussian white noise of unit variance and
comparing the energy at microphones’ inputs with
the energy of the processed output signals at different frequencies.
Signal a1 [n] is the least sensitive to noise, since it
is obtained by combining only two pressure microphone signals (i.e., two uncorrelated noise sources);
signal b1 (t), involving the combination of four microphones, has the noise gain which is approximately
6 dB higher than the noise gain of a1 [n].
Signals a2 [n] and b2 [n] have higher noise gain at low
frequencies than the first-order circular harmonic response a1 [n], and it is caused by the use of more
microphone elements. In addition, their noise gain
decays faster, following the 6 dB/oct low-frequency
characteristic of the second-order gradient compensation filter. The high noise gain at lowest frequencies can be reduced by setting a lower maximum
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gain for the gradient response compensation filter
h2 [n], or by increasing the inter-microphone distance
d. However, increasing d decreases the aliasing frequency.
7. CONCLUSIONS
A relation was established between the horizontal
sound field analysis by its plane wave decomposition
(commonly used in surround sound system analysis), the horizontal sound field description by its circular harmonic coefficients in a single point, and the
horizontal sound field’s gradients measured in that
point.
Subsequently, it was shown how with the help of
the aforementioned relation, horizontal sound field
microphones can be built using coincident gradient
microphones.
Practically, higher-order gradient-based horizontal
sound field microphones can be built using an array
of a few pressure or first-order gradient microphone
capsules. This paper proposed horizontal sound field
microphones of orders two and three that use five
and eleven microphone elements, respectively, and
their feasibility has been confirmed with simulation
experiments.
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[22] M. Kolundžija, C. Faller, and M. Vetterli,
“Spatio-Temporal Gradient Analysis of Differential Microphone Arrays,” in Preprint 126th
Conv. Aud. Eng. Soc., May. 2009.
[23] Gary W. Elko, “Steerable and variable firstorder differential microphone array,” US Patent
Number: 6,041,127, March 2000.
[24] Juha Merimaa, “Applications of a 3-D microphone array,” in Preprint 112th Conv. Aud.
Eng. Soc., May 10–13 2002.
[25] V. Pulkki and C. Faller, “Directional audio
coding: filterbank and STFT-based design,” in
AES 120th Convention, 2006.
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